In the paper, we discuss the regular fractional Sturm-Liouville problem in a bounded domain, subjected to the homogeneous mixed boundary conditions. The results on exact and numerical solutions are based on transformation of the differential fractional Sturm-Liouville problem into the integral one. First, we prove the existence of a purely discrete, countable spectrum and the orthogonal system of eigenfunctions by using the tools of Hilbert-Schmidt operators theory. Then, we construct a new variant of the numerical method which produces eigenvalues and approximate eigenfunctions. The convergence of the procedure is controlled by using the experimental rate of convergence approach and the orthogonality of eigenfunctions is preserved at each step of approximation. In the final part, the illustrative examples of calculations and estimation of the experimental rate of convergence are presented.
Introduction
In the paper, we study (from a theoretical and numerical point of view) the fractional Sturm-Liouville problem (FSLP) with the homogeneous mixed boundary conditions. The Sturm-Liouville problem in a fractional version can be derived by using different approaches. The first one c 2018 Diogenes Co., Sofia pp. 45-71 , DOI: 10.1515/fca-2018-0004 consists of replacing the integer order derivative in the classical SturmLiouville problem by a fractional order derivative [1, 14] . However, this approach does not lead to orthogonal systems of eigenfunctions. The second approach is connected with the application of the calculus of variations [16, 17] . In this case, the obtained fractional differential equations can be interpreted as fractional Euler-Lagrange equations [2, 16, 18, 21, 22, 27] . They contain the differential operator, which is a composition of the left and the right fractional derivative [16, 17] . This feature leads to fundamental difficulties in calculating eigenvalues and deriving the exact solutions in a closed form, even in a simple case of a fractional oscillator problem in a bounded domain. Explicit solutions and eigenvalues are known, so far, only for a few FSLP, like fractional oscillator problem on unbounded domain [28] , and for some singular cases like fractional Legendre and Jacobi problems [17, 31, 32] , and fractional Bessel equation [23] .
The FSLP, along with its eigenfunction's system and eigenvalues, is connected to a fractional diffusion [19, 20] in a bounded domain. The term 'fractional diffusion' is to be understood as the application of fractional derivatives in description of processes of anomalous diffusion. Such diffusive processes appear in many fields of science and engineering, e.g., heat conduction in materials, fluid pressure in porous media, human migration, movement of proteins in cells, transport of lipids on cell membranes, transport on social networks, bacterial motility, and others. Classical results show that in order to solve diffusion equations in a bounded domain, one needs to apply the suitable orthogonal systems of functions, usually connected to a respective Sturm-Liouville problem. Therefore FSLPs, determined in bounded domains, are an emerging meaningful area of the fractional differential equations theory. The orthogonal eigenfunctions' systems of FSLPs are and will be a useful tool in solving partial fractional differential equations connected to anomalous diffusion processes. Preliminary results are given in papers [17, 18, 19, 20] and show that by applying the eigenfunctions' systems, we can study fractional diffusion problems with variable diffusivity and calculate the explicit solutions or establish the existenceuniqueness results and analyze the properties of solutions. Similar to the classical Sturm-Liouville theory, it appears that the existence of the purely discrete spectrum and the associated orthogonal eigenfunctions' system is strongly connected to the singularity of FSLP, or in case of a regular FSLP, to the choice of boundary conditions. In paper [20] , the proof was given for the regular FSLP subjected to the homogeneous Dirichlet conditions, now we shall present the result on the regular FSLP subjected to the homogeneous mixed boundary conditions. This new result is developed by converting the differential FSLP to the equivalent integral one and by applying the results of the Hilbert-Schmidt operators theory.
As we have mentioned, the problem of finding analytical solutions of the FSLP, containing both the left and right fractional derivative, is still a challenge for scientists. Therefore, numerical methods of solving the FSLP are being simultaneously developed. During the last few years, several numerical algorithms (based on direct or indirect methods) have been proposed to obtain approximate solutions of the fractional Euler-Lagrange equations [5, 6, 7, 8, 9, 10, 11, 30] .
The same problem appears in calculating the eigenvalues of the FSLP. The most common approach to determine eigenvalues and eigenfunctions for Sturm-Liouville operators of integer and fractional order is to use a numerical method. The numerical solution of the Sturm-Liouville problem of integer order can be found in literature i.e. the Pruess, shooting and finite difference methods [4, 26] . In paper [29] , the control volume method is used to determine the eigenvalues of the classical Sturm-Liouville problem. However, for FSLPs involving both the left and the right derivative, the adequate set of numerical tools still requires further and extensive work.
In our previous paper [12] , we developed the numerical method for solving a fractional eigenvalue problem -the version of the FSLP with the homogeneous mixed boundary conditions. The proposed numerical scheme was based on the discretization of Caputo derivatives involving the boundary conditions. This approach allowed us to approximate the eigenfunctions keeping their orthogonality at each step of approximation. Moreover, the convergence was controlled by using the experimental rates of convergence formulas both for the eigenvalues and for the eigenvectors. The obtained rate of convergence was close to 1.
In paper [3] , the FSLP with Dirichlet boundary conditions was considered. The authors analysed two approaches to the FSLP: discrete and continuous. They investigated the numerical solution of the FSLP by using the truncated Grunwald-Letnikov fractional derivative. Now, we will construct a numerical scheme to calculate the approximate eigenvalues and eigenfunctions, by applying the approach presented in papers [7, 9, 11] . First, we transform the FSLP into an intermediate integral equation and then we discretize the obtained equation by using the numerical quadrature rule.. This method allows us to obtain the numerical scheme for which the experimental rate of convergence in all the considered examples tends to 2α. As we study the FSLP with order α > 1/2, we clearly see that the new numerical method gives better convergence than the one introduced in [12] , while the orthogonality of the approximate eigenfunctions is also kept at each step of the procedure.
The paper is organized as follows. Section 2 presents the analyzed problem and recalls basic definitions and main properties of fractional differential and integral operators. In Section 3 the exact solution of the FSLP is depicted, while in Section 4 the numerical solution is given. Finally, in Section 5, we show numerical results for two examples of the FSLP, and we conclude the paper with a section containing brief conclusions.
Preliminaries
We recall the left and right Caputo fractional derivatives of order α ∈ (0, 1) (see e.g. [13, 15, 24] ) 2) and the left and right Riemann-Liouville fractional derivatives of order α ∈ (0, 1) ( [13, 15, 24] )
3) 
We also recall the composition rules of fractional operators for the case of order α ∈ (0, 1]
(2.8) and for the Riemann-Liouville derivatives
(2.10) All the above rules are fulfilled for all x ∈ [a, b] when function y is a continuous one. Now, we shall quote the general formulation of the fractional eigenvalue problem, introduced and investigated in papers [16, 17] . 
consider the fractional Sturm-Liouville equation (FSLE) 
13) 
with the boundary conditions:
The aim of this paper is to study FSLP subjected to a such a set of boundary conditions that leads to a purely discrete countable spectrum and to the orthogonal eigenfunctions' system constituting the basis in the respective weighted Hilbert space.
Exact solutions
In this section, we shall formulate the FSLP with an equation containing the fractional differential operator (2.11). We investigate the eigenvalues and eigenfunctions' system connected to the FSLE in the case of order α fulfilling condition:
subject to the mixed boundary conditions in the fractional version and on the space of continuous functions
Let us observe that the above regular FSLP is a special case of the general FSLP given in Definition 2.1 when constants
We propose a transformation of the introduced differential Sturm-Liouville problem to the integral one on the subspace of continuous functions defined below:
We start by introducing the following integral operator
and we note that on the C B [a, b], subspace of continuous functions, the following relation is valid
In addition, it is easy to check that
therefore the intermediate integral form of the equation (2.12) looks as follows
In order to invert the integral operator on the left-hand side, we estimate the norm of the T q operator in the C [a, b] space with the supremum norm || · || and obtain
Let us denote the parameter ξ as follows:
then the above calculations lead to the following lemma.
When the norm of the T q -operator is smaller than 1, we can invert operator 1 + T q .
fulfill equation (2.12) . Then, the following equality is valid
and the function (
it obeys boundary conditions (3.2).
P r o o f. Let us denote
and observe that for any function
Thus, series
and its sum T f is a continuous function obeying boundary condition T f (a) = 0. Now, we shall check the second boundary condition (the right-sided). Applying the theorem on integrating the series term by term w obtain the equality
and we recall that for any
and we conclude that
we can prove the equivalence of the differential and the integral form of the fractional Sturm-Liouville problem. Namely, the following lemma is valid.
we obtain the equality
which leads to the integral equation
(3.16) Because ξ < 1 by assumption we can apply Lemma 3.2 which means we can invert the ( 
17) It proves the first part of the equivalence statement. Now, we assume that the continuous function f ∈ C B [a, b] is an eigenfunction of the integral FSLP corresponding to eigenvalue
We calculate the composition L q T applying the theorem on integrating of series term by term
. From the above result and from equation (3.18) we obtain the implication
Therefore, we conclude that on the C B [a, b] space the equivalence of the differential and integral FSLP (3.14) is valid. 2
Next, we extend the T -operator to the L 2 w (a, b) -space and note that if order α fulfills 1
(3.20) The following lemma is a straightforward corollary from Lemma 3.2.
and it obeys the boundary conditions:
P r o o f. Under assumptions of the lemma, we have T w u ∈ C[a, b] and series
, thus its sum is also a continuous function, i.e. 
and the following useful inequality is valid for any function
Thence, for k ∈ N we have
and we recover the second boundary condition
In order to consider the spectral properties of the integral operator T , we shall convert it to the integral Hilbert-Schmidt operator. To this aim we explicitly calculate its kernel. First, we express operators T q and T w as integral operators with the corresponding kernels. We obtain the following formula for the kernel K q of the T q operator defined by Eq. (3.6)
and
For the T w operator defined by Eq. (3.4):
we calculate kernel K w :
(3.29) We now estimate the norms and values of the above kernels.
) and the following inequalities are valid: 
From the above inequality we infer that estimation (3.31) is also valid. 2
From the above lemma we obtain
) by assuming q = w and denoting:
Now, we reformulate the T operator given by Eq. (3.11) in the form of Hilbert-Schmidt operator with kernel K:
The next step is the explicit calculation of the kernel K and examine its properties. It appears that it can be expressed as a series of convolutions described in the lemma below.
be defined by formulas (3.31) and (3.30 ) respectively and ξ < 1, where parameter ξ is defined in (3.9) . Then, kernel K is given by the formula
P r o o f. First, by using the convolution properties we prove formulas for operators (T q ) n T w . For n = 1 we obtain
thus it is an integral operator with the kernel given as the convolution of the K q and K w kernels. Terms (T q ) n T w u, n > 1 can be expressed analogously:
where we applied the mathematical induction principle with its assumption 
and by means of the mathematical induction we have
We observe that at any point (x, s) ∈ [a, b] × [a, b] we have the following estimation valid
.
Thence, we infer that series K is absolutely and uniformly convergent on square [a, b] × [a, b]. This fact implies that it also is convergent in the
Now, we are ready to formulate the main theorem on the integral operator T . 
It is easy to check that f, T q T w g w = T q T w f, g w .
Let us now assume that f, (T q ) n−1 T w g w = (T q ) n−1 T w f, g w . We obtain for n ∈ N, by applying the mathematical induction assumption and principle, that the following equality is fulfilled
As the series K is uniformly convergent on square [a, b] × [a, b] we infer that the partial sums sequence
w (a, b). Thus, from the limit theorem for integrals we get
We note that for any functions f, g ∈ L 2 w (a, b) we have g, T f w = T g, f w which means that operator T is a self-adjoint operator on L 2 w (a, b). 2
The above theorem on the Hilbert-Schmidt operator T implies the following result on its spectrum and eigenfunctions. As the eigenfunctions of the operator T belong to the C B [a, b]-space, we can apply Lemma 3.3 on the equivalence of the differential and integral eigenvalue problem to obtain a principal result on the discrete spectrum of the studied FSLP.
operator L q has a purely discrete (countable spectrum) with |λ n | → ∞. 
Assuming y m is an eigenfunction corresponding to eigenvalue λ m and applying the orthonormality property of eigenfunctions, we get the relation below
We use the orthonormality of eigenfunctions once again and obtain the explicit formula for coefficients a lm :
Now, we can write the kernel K as the series
and we infer that (3.38) is valid. [a,b] q(x) w(x) (3.39) and the series below is convergent
(3.40) P r o o f. We again can assume that the basis of eigenfunctions is orthonormal in L 2 w (a, b) and let eigenfunction y n correspond to eigenvalue λ n , i.e. it fulfills the equation:
L q y n (x) = λ n w(x)y n (x). Multiplying both sides by y n and integrating over interval [a, b] we get the relation below b a y n (x)L q y n (x)dx = λ n y n , y n w which leads to the following formula for eigenvalue λ n
a+ y n + y n , qy n . Now, we use the fact that each eigenfunction fulfills the homogeneous mixed boundary conditions and by applying the fractional integration by parts rule we arrive at the equality
Clearly, the first term on the right-hand side is positive, therefore the following inequality is valid:
· y n , y n w which means
because we have assumed y n , y n w = 1. The proven inequality means that in the case when function p is positive we have at least a finite number of negative eigenvalues and an infinite number of positive ones tending to infinity. Numbering the negative eigenvalues by n = −n 0 , ..., −1, we get the convergence in Eq. (3.40) from the general formula (3.38).
2
The proof of the analogous result for p negative is similar so we just formulate the corollary as follows noting that here we have at least a finite number of positive eigenvalues and an infinite number of the negative ones tending to −∞.
Then, the operator L q has a purely discrete (countable spectrum) with 
and the series below is convergent
Finally, let us note that the above statements on the regular FSLP with the fractional Sturm-Liouville operator defined in Eq. (2.11) are also valid for its reflected version with FSLO in the form of
and boundary conditions
As the proof of the result on spectrum and eigenfunctions' system of the reflected FSLP is very simple and based only on the properties of the reflection operator in interval [a, b] we formulate the theorem omitting the proof. x k−0.5
with kernel K 1 given by Eq. (3.27). Next, we approximate the above integrals by the quadrature rule
2) where u k are the weights of the quadrature rule (for the midpoint rectangular rule: u k = Δx).
If we evaluate the equation at every node x i , i = 1, ..., N , then we obtain the following system of N linear algebraic equations
which can be written in the short notation for node values of eigenfunctions looks as follows:
. Now, the above system of equations can be rewritten in the matrix form [25] . We introduce: -two diagonal matrices Q and W:
where
-the matrix M: 
In calculations demonstrating the orthogonality of eigenvectors, we apply the fact that matrix M is symmetric. Let eigenvector Y λ correspond to eigenvalue λ and Y ρ correspond to eigenvalue ρ. First, we have the following relation valid:
= Y ρ , AY λ W . Now, we calculate the scalar products on the left-and right-hand side of the above equality remembering that Y λ and Y ρ are eigenvectors of matrix A:
Subtracting the above equalities we arrive at the result (ρ − λ) Y λ , Y ρ W = 0 which implies that when eigenvalues are distinct, the corresponding eigenvectors are orthogonal:
(4.13) In the next step, we construct the approximate eigenfunctions by applying the eigenvectors obtained via the numerical scheme corresponding to the equidistant partition of interval [a, b] into N subintervals:
(4.14)
Let us note that from the orthogonality of eigenvectors the lemma on approximate eigenfunctions results. 
If we assume in the considered FSLP the coefficient and weight functions constant: p = w = 1 and q = 0, then matrix A is determined by simple formula
Let us point out that in this case kernel K 0 and therefore matrix M −1 can be calculated explicitly.
4.1. The special case for functions: p (x) = w(x) = 1 and q (x) = 0. Now, we consider the mentioned special case which extends the classical harmonic oscillator equation and eigenvalue problem. Namely, we choose q = 0 and we assume that the coefficient and weight functions are constant: p = w = 1. We shall calculate exact values of the kernel and apply them further in calculating the numerical solutions. In this case, Eq. (3.7) reduces to the following form (4.17) and the composition of integral operators can be written as 18) where the kernel K 0 (defined by Eq. (3.27) for p = 1) for order 1 ≥ α > 1/2 is of the following explicit form
(4.19) For x = s (by using properties of the hypergeometric function 2 F 1 ) one has
For order α = 1 we obtain
Example of calculations
In order to verify the proposed numerical method, we present two examples of numerical calculations of eigenvalues and eigenfunctions. As the first example we consider the generalization of the classical harmonic oscillator problem with p = w = 1 and q = 0 (this corresponds to the case studied in Subsection 4.1), and in the second example, we assumed the functions to be p(x) = x 2 + exp(x), q(x) = In Tables 1 and 2 we present the numerical values of the first ten eigenvalues for orders α ∈ {1, 0.8, 0.6} and different values of N ∈ {250, 500, 1000, 2000, 4000}. While, in Figures 1 and 2 we show graphs of the approximate eigenfunctions corresponding to the first four eigenvalues for the considered cases, respectively, and N = 4000. The approximate eigenfunctions were normalized by Analyzing the values in Tables 1 and 2 , one can observe that the values of erc λ depends on the fractional order α and does not depend on the various types of functions p, q, and w and it is close to the value of 2α. 
Conclusions
In the paper, we studied the regular FSLP in a bounded domain, subjected to the homogeneous mixed boundary conditions. We transformed the analyzed problem into an integral one. Then, we proved the existence of a purely discrete, countable spectrum and the orthogonal system of eigenfunctions by utilizing the Hilbert-Schmidt operators theory. In the numerical approach to the FSLP, we made the discretization of the integral equation by using the numerical quadrature rule to the approximation of the integral. The obtained system of algebraic equations was rewritten as the matrix equation, from which the eigenvalues and eigenvectors are determined by using standard methods. The presented procedure allows us to calculate the approximate eigenvalues and eigenfunctions. We presented the obtained eigenvalues and eigenfunctions, for the selected functions p, q, w and the order α, to show the influence of these parameters on the solution to the considered FSLP. We also determined the experimental rate of convergence of the proposed method. The experimental rate of convergence of the numerical scheme, in all considered examples, is close to 2α. Moreover, orthogonality of the approximate eigenfunctions is kept at each step of the procedure. It should be pointed out that the presented numerical method can be treated as an extension of method used for the solution of the Sturm-Liouville problem of the integer order and, of course, for α = 1 we obtain the approximate eigenvalues and eigenfunctions for the classical Sturm-Liouivlle problem. Table 2 . Numerical values of the first 8 eigenvalues and the experimental rates of convergence erc λ for α ∈ {1, 0.8, 0.6}, p(x) = x 2 + exp(x), q(x) = 1 4 sin(4πx) and w(x) = x 2 + 2
